We prove that the group property of being AH-accessible is preserved under finite extensions.
Introduction
An important open question related to the class of acylindrically hyperbolic groups is the following. Question 1.1. Let H < G be a finite index subgroup. If H is acylindrically hyperbolic, then is G acylindrically hyperbolic ?
A group is called acylindrically hyperbolic if it admits a non-elementary, acylindrical action on a hyperbolic space. The primary obstruction to answering the above question is the lack of any techniques that currently allow us to build an action of the parent group G starting from the action of a finite subgroup H, especially while retaining the properties of hyperbolicity and acylindricity.
While the question remains unanswered in this general setting, the authors of [6] proved that the answer is affirmative in the special case when the finite index subgroup of G is normal and AH−accessible. Lemma 6] Suppose that a group G contains a normal acylindrically hyperbolic subgroup H of finite index which is AH-accessible. Then G is acylindrically hyperbolic.
A group G is said to be AH−accessible if the poset AH(G) contains the largest element. These notions were introduced in [1] . We quickly recall some standard terminology and definitions from [1] and define this poset here.
Throughout this paper, all group actions on metric spaces are assumed to be isometric. Given a metric space S, we denote by d S the distance function on S unless another notation is introduced explicitly. Our standard notation for an action of a group G on a metric space S is G S. Given a point s ∈ S or a subset X ⊆ S and an element g ∈ G, we denote by gs (respectively, gX) the image of s (respectively X) under the action of g. Given a group G S and some s ∈ S, Gs denotes the G-orbit of s.
Let X, Y be two generating sets of a group G. We say that X is dominated by Y , written X Y , if the identity map on G induces a Lipschitz map between metric spaces (G, d Y ) → (G, d X ). This is equivalent to the requirement that sup y∈Y |y| X < ∞, where | · | X = d X (1, ·) denotes the word length with respect to X. It is easy to see that is a preorder on the set of generating sets of G and therefore it induces an equivalence relation in the standard way:
This is equivalent to the condition that the Cayley graphs Γ(G, X) and Γ(G, Y ) are Gequivariantly quasi-isometric. We denote by [X] the equivalence class of a generating set X, and by G(G) the set of all equivalence classes of generating sets of G. The preorder induces an order relation on G(G) by the rule
AH(G) is the partially ordered set of Acylindrically hyperbolic structures on a group G. It contains equivalence classes of generating sets [X] of G such that the associated Cayley graph Γ(G, X) is hyperbolic and G Γ(G, X), is acylindrical. The partial order on this poset is the one inherited from G(G).
For further details of this poset, we refer the reader to [1, Sections 1, 7] . Theorem 2.19 of [1] proves that the following are all AH−accessible groups : Mapping class groups of punctured closed surfaces, Right Angled Artin groups (RAAGs) and Fundamental groups of compact orientable 3-manifolds with empty or toroidal boundary.
We will show that under the hypothesis of Proposition 1.2, the group G is also AH−accessible. Thus, we will have the following. Proposition 1.3. Suppose that a group G contains a normal acylindrically hyperbolic subgroup H of finite index which is AH-accessible. Then G is also AH−accessible. Hence, the property of being AH−accessible is preserved under finite extensions.
Proof of Proposition 1.3
The strategy used in the proof of Proposition 1.2 in [6] is the following : Given the largest element [X] ∈ AH(H) and a finite set Y of representatives of cosets of H in G, the authors show that [X ∪ Y ] ∈ AH(G). Since H Γ(H, X) is non-elementary, it follows that so is G Γ(G, X ∪ Y ). We will show that the structure [X ∪ Y ] is the largest in AH(G). We will set this notation for the remainder of the paper.
Proof. Let [Z] be any element in ∈ AH(G). Then Γ(G, Z) is hyperbolic and G Γ(G, Z) is an acylindrical action. We will show that [Z] [X ∪ Y ], which will prove the result.
Since H ≤ G, H Γ(G, Z) is also acylindrical. Since H has finite index in G, the action is also cobounded. Indeed h∈H hY = G and since Y is finite, it is bounded in d Z . By using the Svarc-Milnor map from [1, Lemma 3.11] , we get that there exists [W ] ∈ AH(H) such that H Γ(H, W ) is equivalent to H Γ(G, Z). (See [3] or [1, Section 3] for further details.)
By definition, this means that there is a coarsely H−equivariant quasi-isometry φ : Γ(G, Z) → Γ(H, W ). Thus there exists a constant C satisfying the following conditions for every g ∈ g and every h ∈ H.
sup h∈H d W (hφ(g), φ(hg)) ≤ C
Since [X] is the largest element in AH(H), we must have that [W ] [X] . Thus there exists a constant K such that sup x∈X |x| W ≤ K.
